Entanglement distillation is the process of concentrating entanglement from a given quantum state. We present a technique for distillation of bi-partite polarization entanglement using interferometry. This technique can be optimized to extract maximal entanglement from any pure or mixed entangled state. A model for this method is presented and in particular we present experimental results for pure states when using polarizing Mach-Zehnder interferometers. These experimentally distilled states always demonstrate an increased violation of Bell's inequality.
Entanglement distillation (or concentration) extracts maximal entanglement from a non-maximally entangled state [13] [14] [15] [16] . It is important to note that distillation does not increase the purity of the given state; this is achieved via a related method called entanglement purification [17] [18] [19] . Experimental demonstration of distillation for general bi-partite entangled states have been performed with photon pairs with a probabilistic C N OT gate [16, 20] . One criteria in the above experiments was to act on a general state with no a priori knowledge of what the state was. However, in many cases, it is possible to have some knowledge of the given state that is to be concentrated. In this scenario, distillation can be performed more efficiently with local filtering and classical communication [21, 22] . This has been successfully shown for polarization entangled photon pairs using an experimental technique that relied on polarization dependent reflectors [23] [24] [25] . We note, however, that these previous methods were not tunable across a range of input states; for maximal entanglement distillation the reflectors had to be replaced accordingly for different input states. This paper reports on a method for the controlled distillation of any (known) bi-partite non-maximally entangled state in a continuously tunable manner. This method employs a Mach-Zehnder interferometer that uses polarizing beamsplitters (instead of the usual nonpolarizing devices). Half-wave plates located within the arms of the interferometer can be adjusted, effectively tuning the distillation to increase the amount of entanglement for any given non-maximally entangled state. The increased presence of entanglement is demonstrated by performing the standard Clauser-Horne-Shimony-Holt (CHSH) [26] entanglement witness, on the given photon pair state before, and after distillation.
For brevity in the following discussion, we adopt the expression below for a pure, non-maximally entangled bipartite state:
with |α| 2 + |β| 2 = 1. This is a state where the polarization of the photons are aligned. The method introduced below also works for the bi-partite state with anti-aligned polarization, if a half-wave plate is used to convert the polarizations to the aligned state [27] before distillation. The state in equation 1 reduces to the Bell state |Φ
. The degree of entanglement for this pure state varies with the relative values of α and β. It is possible to re-parametrize equation 1 as
where = |α| 2 and φ is the relative phase between the horizontal and vertical photon components.
A maximally polarization-entangled state can be obtained from the description in equation 2 by using polarizing Mach-Zehnder interferometers. The schematic for such a distillation method is given in Fig. 1 . Photon pairs from a source are separated and each photon is filtered independently through a Mach-Zehnder interferometer. Within the interferometer, photons are projected into the |H or |V states by the first polarizing beam splitter (PBS), before recombining at the second PBS. A half-wave plate (HWP) is placed within each arm of the interferometer. The appropriate setting of the HWP allows the collection of the maximally entangled photons in one output port of the interferometer; the rejected photons will exit in the other output port.
Consider Fig. 1 With these settings, the maximally entangled state is obtained with an efficiency of 2(1 − ). Similarly for the case where the < 1/2 we can rotate HWP2 and HWP4 for transforming |V V → 1− |V V , while leaving the |HH state alone. This causes the bi-partite state to become √ 2 |Φ + , which is obtained with an efficiency of 2 . When there is perfect balance, = 0.5, the half-wave plate settings are set for no rotation as no distillation is necessary. The relative phase φ can be compensated using an additional birefringent element; in Fig. 1 this is placed after the interferometer on the right.
We can extend the discussion above to a mixed bipartite state [28] with white noise by using density matrix formulation, and introducing the additional parameter of purity (p):
Using equation 2, it is possible to analyze the performance of the polarizing Mach-Zehnder distiller when applied to the general class of bi-partite states. When the photon pairs described by the state ρ pass through the interferometers, they experience path dependent polarization filtering that balances the horizontal and vertical components. The normalized state after post-selection, ρ n d , is
where
and
The term for white noise in Eq. 3 has transformed to colored noise (Eq. 6) due to the distillation. Furthermore, due to the renormalization, the efficiency of extracting the maximally entangled state with respect to the noise is a function of and p.
The results of interferometric distillation on the input states are shown in Fig. 2 where the starting states (before distillation) are parametrized by their balance ( ) and purity (p). The behavior of CHSH values is symmetric about = 0.5; hence the plot only shows the value where 0.5 < < 1. No distillation occurs for = 0.5, (where |Φ = |Φ + ) or = 1, (where |Φ = |HH ).
In Fig. 2(a) , the maximal attainable CHSH value for a given input state is provided; the maximally entangled state is in the top left-hand corner of this plot. Fig. 2(b) shows the CHSH value attained after the distillation. Notably, the region of states that can now achieve a CHSH value greater than 2 has been increased as shown by the gap between the black and red lines. In particular, all the pure states (where p is close to 1 at the top of the graph) are able to achieve CHSH values close to 2 √ 2. For greater clarity, a difference of the CHSH values before and after distillation are provided in Fig. 2 (c) revealing regions with the largest increase in correlation quality. Not surprisingly, these are mostly in the region where the states were originally very heavily imbalanced.
It is notable that the region showing the largest increase in correlation quality is for the separable states near the bottom right-hand corner; however, the improvement is not sufficient to exhibit a violation of the CHSH inequality as expected for a non-purification protocol [13] . There is also a region where the CHSH value decreases after distillation; this is caused by the renormalization process which reduces the ratio of pure state with respect to the noise for highly imbalanced initial states. Finally, distillation does not move the separability bound as indicated by the green line. The polarizing interferometer scheme was then tested experimentally using pure, bi-partite states as these are straightforward to obtain, and of greatest interest in the context of quantum communication [29] [30] [31] The bi-partite states were implemented using Spontaneous Parametric Downconversion (SPDC) where photon pairs are generated when a pump photon undergoes frequency conversion within a material exhibiting χ 2 optical nonlinearity. We have utilized a type-1, critically phase matched SPDC source that produced collinear, non-degenerate photon pairs from cascaded β-Barium Borate crystals whose optical axes were crossed [32] . The use of non-degenerate phase matching enables the signal and idler photons making up the photon pair to be separated easily with a dichroic element. Type-1 phase matching enabled us to produce photon pairs whose polarization state was described by equation 2. The photon pairs generated from the first crystal have a polarization which is orthogonal when compared to photon pairs generated in the second crystal. By appropriately overlapping the SPDC emission the photon pairs become polarization entangled. The balance, , between the horizontal and vertical components can be adjusted by placing a half-wave plate that acts on the pump polarization before the SPDC process. Typically, to generate the maximally entangled |Φ + state, the wave plate is oriented such that the pump polarization will perform SPDC with equal probability within each of the β-Barium Borate crystals. By setting the wave plate angle, it is possible to imbalance the SPDC rate from each crystal thereby creating the nonmaximally entangled state. One challenge when working with bulk interferometers is stability, and often these instruments are actively stabilized using a reference laser. To improve the stability, and do away with active stabilization, a folded Mach-Zehnder inteferometer was implemented as shown in Fig. 3(a) . The folded geometry enables all the light paths to be defined by the same reflecting and dividing elements, improving the stability. The setup exhibits sufficient passive stability of at least 24 hours (under general laboratory conditions), determined by observing the bright/dark (constructive/ destructive interference) output ports of the interferometer when pumped with a coherent 808 nm laser beam. Fig. 3(b)  and 3(c) show the power at the constructive/destructive interference output ports of the interferometer for a sample period of approximately 30 minutes. For an input power of 6.5 mW, constructive (destructive) interference is observed to be 6.25 ± 0.016mW (0.139 ± 0.009mW ). Stability over this duration was sufficient for the purpose of the experiment.
Following Fig. 3(a) , the polarizing beam splitter (PBS) will separate the |HH and |V V photon pairs. Halfwave plates are inserted into each arm. The optical beams recombine at the other edge of the PBS. If both the half-wave plates fast axes are oriented at 0 degree (this is known as the neutral position), no distillation takes place, and all photons emerge through one port of the PBS. To carry out distillation the wave-plates are adjusted appropriately so that the unentangled photons get filtered out in the other output port. For performing the CHSH test, the signal and idler photons are separated using a dichroic element before being interrogated individually with polarization analyzers. A birefringent element (made by tilting a quarter-wave plate) is placed in the signal arm to compensate for any additional phase introduced by the interferometer. This can also be used to compensate any inherent relative phase φ given in Eq. 2.
In this experiment, 8 different non-maximally entangled pure states were generated over a range of values (see Fig. 4(c) ). As stated previously, the imbalanced state is |Φ = cos(2θ)|HH +sin(2θ)|V V , where θ is the setting of the half-wave plate acting on the pump beam of the SPDC source. Therefore, = cos 2 (θ). For 0 < θ < π/8, where the horizontal component has a higher amplitude than the vertical component, the half-wave plate labeled 1 (in Fig. 3 ) is rotated by 1 2 cos −1 ( tan(2θ)) for achieving optimal distillation. Similarly for π/8 < θ < π/4, the half-wave plate labeled 2 is rotated through an angle 1 2 cos −1 ( cot(2θ)) to remove the un-entangled vertically polarized components.
It is instructive to observe how the detected photon pair rate and the entanglement quality changes through distillation by following one of the test states as it passes through the interferometer. Consider the highly unbalanced non-maximally entangled state where ( = 0.11). The polarization correlation measurements for this starting state in two different polarization bases are given in Fig. 4(a) . The imbalance in the vertical and horizontal polarizations are clearly visible from the amplitude of the curves. Furthermore, the correlation curves in the diagonal/anti-diagonal basis are only slightly displaced from the curves in the vertical/horizontal basis due to the heavy imbalance.
This highly imbalanced input state can be distilled by leaving the wave plate in the transmitted arm of the interferometer in the neutral position, while adjusting the wave plate in the reflected arm by 34.71 degrees. The excess vertical polarization component is filtered out by the PBS (dotted lines in Fig. 3(a) ). After this adjustment, the correlation curves of the distilled state exhibit much better balance in amplitude and position of the extrema as shown in Fig. 4(b) . The plot in Fig. 3(b) exhibits the characteristic polarization correlation expected from a |Φ + Bell state. As the imbalance of the initial state is large, a majority of input photons are filtered out in the distillation procedure leaving the relevant maximally entangled photons.
As a quantitative measure of non-locality and certifiable entanglement [33] , the CHSH correlation measurement was carried out for the different input and distilled states by projecting the two photon state into mutually unbiased polarization states. The settings used for the measurement of CHSH value, projection angles of the polarizers, for the state before and after the distillation are kept the same. As shown in Fig. 4(c) , the CHSH value for the non-maximally entangled (green squares) state is a function of the imbalance parameter . Where the imbalance is higher, the CHSH value has a reduced value indicating the presence of reduced entanglement. The CHSH value after the distillation (red dots) is wellbalanced and always corresponds to a highly entangled state.
The reported interferometric method offers good tunability for the distillation of bi-partite polarization entanglement as it can be applied to a large range of inputs with different imbalance parameters. This method can be extended to multi-photon GHZ states [34, 35] with interferometers on each photon paths. The experimentally distilled states show a significant violation of Bell's inequality even for highly imbalanced inputs, while using a folded polarizing Mach-Zehnder interferometer significantly improves the stability for the distillation scheme. In a two-party quantum communication scenario, two similar interferometers (one in each photon path) can be used to implement the distillation. This functionality may be of value when building future quantum communication networks.
